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Summary:  The  relation  between  behavior 
strategies  and  mixed  strategies  is  devel¬ 
oped.  Those  game  structures  solvable  by 
behavior  strategies  are  characterized. 


BEHAVIOR  STRATEGIES  IN  FINITE  GAMES 
F.  B.  Thompson 

Informal  Discussion:  In  general,  this  paper  is  pointed  to  the 
development  of  the  relation  between  behavior  strategies  and  mixed 
strategies  for  finite  games.  The  notion  of  behavior  strategy  was 
introduced  by  Kuhn  [l]  .  A  behavior  strategy  for  a  player  consists, 
essentially,  of  a  family  of  distribution  functions,  one  for  each 
information  set  of  the  player  which  assigns  the  relative  frequency 
with  which  the  various  alternatives  open  to  the  player  at  that 
information  set  are  to  be  played.  Thus  a  behavior  strategy  differs 
from  a  mixed  strategy  in  that  it  randomizes  the  alternatives  at 
each  move  of  a  play  rather  than  randomizing  the  pure  strategies 
for  entire  plays. 

One  may  advance  two  reasons  for  studying  behavior  strategies. 
First,  one  may  wish  to  consider  a  "player"  as  consisting  of  a  team 
rather  than  just  one  person.  In  some  cases  it  may  be  impossible 
to  decide  between  plays  what  common  strategy  should  be  played  and 
to  communicate  adequately  during  the  play.  Such  a  situation  leads 
naturally  to  the  study  of  behavior  strategies.  Secondly,  and  prob¬ 
ably  more  important,  it  has  been  shown  in  a  number  of  cases  that 
it  may  be  considerably  easier  first  to  solve  a  game  in  behavior 
strategies  and  then  find  a  mixed  strategy  solution  directly  from 
the  behavior  strategies.  This,  of  course,  raises  the  problem  as  to 
when  this  is  possible. 
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¥e  shall  again  deal  with  the  notion  of  game  structure  which 
was  introduced  in  RM-759  [2] .  It  will  be  recalled  that  two  games 
have  the  same  structure  if  they  differ  at  most  in  payoff  [3]  • 

For  a  fixed  game  and  a  given  choice  of  mixed  (behavior)  strategies 
for  the  players,  we  shall  denote  by  MH  (BH  )  the  amount  which 
player  p  may  expect  if  these  strategies  are  actually  played. 

Dalkey  has  proved  [4]  that  for  a  fixed  game  structure  and  any 
choice  of  behavior  strategies^  for  the  players,  there  are  cor- 
responding  mixed  strategies  c4  such  that  MH  (<£)  =  BHp(/3)  for  all 
players  and  all  payoffs.  Kuhn  [l]  has  defined  the  notion  of 
perfect  recall;  a  game  structure  has  perfect  recall  if  each  player 
recalls  at  a  given  move  both  what  he  did  and  what  information  he 
had  at  all  of  his  previous  moves.  Kuhn  then  proved  that  a  suf¬ 
ficient  condition  for  the  existence  of  a  map  carrying  any  choice 
of  mixed  strategies  o£  for  the  players  into  a  choice  of  behavior 
strategies^  such  that  MH  (d£)  =  BHp(/3)  ,for  all  players  and  all 
payoffs  is  that  the  game  structure  have  perfect  recall.  We  es¬ 
tablish  that  Kuhn’s  condition  is  also  necessary.  The  question 
arises  whether  there  is  such  a  mapping  which  is  one-one.  Although 
there  are  game  structures  for  which  the  answer  is  ”yes,”  they  form 
a  very  restricted  class.  For  example,  the  following  game  structure, 
with  perfect  information,  is  not  such  a  structure: 

abed 

y» 

n 


iX 
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Two  mixed  (behavior)  strategies  for  a  player  will  be  called 
equivalent  if,  for  all  strategies  for  his  opponents  and  all  pay¬ 
offs,  they  give  the  Same  expectancy.  There  may  be  a  strategy 
for  a  player  and  an  information  set  U  for  the  player  such  that 
the  plays  resulting  from  this  strategy  and  any  strategies  of  the 
opponents  will  never  intersect  U.  In  this  case  strategies  which 
differ  from  the  given  strategy  only  at  U  will  be  equivalent  to  it. 
We  shall  show  that  this  is  the  only  way  equivalences  among  behavior 
strategies  can  arise.  On  the  otherhand  this  is  not  true  of  mixed 
strategies.  For  example,  in  the  structure: 


abed 


no  two  behavior  strategies  are  equivalent,  while  it  is  easy  to 
find  one  dimensional  equivalence  classes  of  mixed  strategies 
(one  easily  shows  that  equivalence  classes  of  mixed  strategies 
are  convex).  We  establish  that  a  necessary  and  sufficient  con¬ 
dition  that  there  be  a  one-one  correspondence  between  equivalence 
classes  of  mixed  strategies  and  equivalence  classes  of  behavior 
strategies  which  preserves  expectant  payoffs  is  that  the  structure 
have  perfect  recall. 

The  notion  of  characteristic  function  for  a  game  has  been 
defined  by  von  Neumann  [5]  .  It  assigns  to  each  coalition  of 
players  the  maximum  amount  which  they  can  insure  themselves  by 
mixing  their  pure  strategies  against  the  combined  onslaught  of 
their  opponents.  A  similar  characteristic  function  can  be  de¬ 
fined  for  behavior  strategies.  In  many  cases  the  values  for 
behavior  strategies  will  be  less  than  those  for  the  mixed  strategy 
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function.  We  shall  say  that  a  game  structure  is  solvable  by 
behavior  strategies  if,  for  every  payoff,  the  characteristic 
function  for  behavior  strategies  is  the  sane  as  the  characteristic 
function  (for  mixed  strategies).  By  Kuhn’s  result  mentioned  above, 
it  follows  that  a  sufficient  condition  for  solvability  by  behavior 
strategies  is  perfect  recall.  It  can  be  shown  that  this  condition 
is  not  necessary.  For  example,  the  structures: 


are  solvable  by  behavior  strategies.  In  order  to  characterize 
those  games  which  are  solvable  by  behavior  strategies,  we  first 
define  a  notion  of  weak  equivalence  of  game  structures.  If  there 
exist  one-one  correspondences  between  sets  of  players  and  between 
end-points  of  two  game  structures  so  that  for  any  pair  of  payoffs 
which  assign  the  same  number  to  corresponding  end-points  the  mixed 
(behavior)  strategy  characteristic  functions  assign  the  same  value 
to  corresponding  coalitions,  then  the  two  structures  are  weakly 
equivalent  for  mixed  (behavior)  strategies.  This  notion  is  con¬ 
trasted  to  the  notion  of  strong  equivalence  where  there  are  one-one 
correspondences  between  equivalence  classes  of  strategies  which 
preserves  expectancy  under  all  payoffs.  It  is  proved  that  strong 
equivalence  implies  weak  equivalence  and  weak  equivalence  implies 
isomorphism  of  reduced  normal  forms  [6] .  The  converses  are  shown 
to  hold  for  mixed  strategies;  however  neither  converse  holds  for 
behavior  strategies.  It  is  then  shown  that  a 'game  structure  is 
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solvable  by  behavior  strategies  if  and  only  if  it  is  weakly  equiv¬ 
alent  to  a  structure  (in  the  wider  sense)  which  has  perfect  recall. 
The  proof  is  constructive  and  actually  characterizes  those  games 
solvable  by  behavior  strategies  in  a  manner  independent  of  the 
notion  of  strategy. 

Formal  Presentation:  We  shall  assume  familiarity  with  notations, 
definitions  and  results  of  the  formal  part  of  fiM-759.  To  emphasize 
this  we  shall  continue  the  enumeration  of  definitions  and  theorems 
from  that  paper.  There  is  one  correction  to  a  definition  given 
there  which  is  important  for  our  results  here.  We  shall  assume 
that  if  a  is  a  move,  then  Aa  has  at  least  two  elements,  i.e.  when 
a  player  is  called  upon  to  move  he  has  a  choice  of  at  least  two 
alternatives. 
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Definition  22:  Let  G  •  <  G,  <,  P,  R,  I  >  be  a  game  structure. 

By  a  play  of  G  we  shall  mean  a  maximal  chain  of  G  under  <.  Let  Q 
be  the  set  of  all  plays  of  G# 

Definition  23:  Let  G  be  a  game  structure,  p€P*.  /3  is  a 

behavior  strategy  for  p  if  fe  is  such  a  function  on  p  that  (i) 

for  aep,/3(a)  =/?a  is  a  probability  distribution  on  Aa;  (ii)  if 
a,b6p,  alb,  a’€Aa,b’eAb,  and  a’Rb’ ,  then/^  a(a’)  «=  /?b(b'),  Let 
BSp  be  the  set  of  behavior  strategies  for  p  ;  let  BS  be  the 
Cartesian  product  of  all  BSp  for  p€P** 

Definition  24:  Let  G  be  a  game  structure  peP* ,  n  is  a  mixed 

strategy  for  p  if  n  is  a  probability  distribution  on  Sp.  Let  MSp 

be  the  family  of  all  mixed  strategies  for  p  ;  let  MS  be  the  Cart¬ 
esian  product  of  the  MSp  for  peP*, 

Definition  25;  Let  <  G,  h  >  be  a  game,  peP* .  Then  the  behavior 
strategy  payoff  matrix  for  p7  is  the  function  BHp,  on  BS  such  that 
for  fee  BS: 

BHPl  (ft)  =  YZ  TT  TT  /fp,a(b)«h(e*(Q)  ,Pl) 

Q£Q  peP*  aeprrQ 

beAaoQ 


where  e*(Q)  is  the  unique  element  of  Q^E* 

Definition  26:  Let  <  G,  h  >  be  a  game,  peP*.  Then  the  mixed 
strategy  payoff  matrix  for  p^  is  the  function  MHpj  on  MS  such  that 


for  n€MS: 


MHp, {%) 


jj  t?p(=*P)  h ( e (cL)  ,  Pt  )  . 


peP* 


Lemma  27:  Let  G’£G,  G'^TA,  be  such  that  if  a,b€G'  then  not 

alb.  Let  o^^S;  S’  =  \cZ\<ZeS  and  if  aep,  a/lnG’  -  A  then<$p(a)  = 

cT^pU)}  .  Then  for  fee  BS ,  T~  TT  TT  /?p,a(5  p(a)  )  -L 

oteS’  peP-  aeGV>p 
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Proof:  By  induction  on  the  number  of  information  sets  which 

intersect  G*. 

Theorem  2 8  (Dalkey) :  Given  a  game  structure  G,  there  are 
functions  *fp,  for  peP*,  which  map  BSp  into  MSp  in  such  a  way  that 
whenever  <  G,  h  >  is  a  game  and  /3e  BS,  BHp(y3)  =  MHp(°i-)  for  peP*, 
where  ^p0p)  =  c£p  for  all  p^P*. 

Proof:  The  theorem  follows  by  direct  application  of  the  def¬ 
initions  and  simple  manipulations  using  lemma  27. 

Definition  29:  (Kuhn)  Let  G  be  a  game  structure.  G  has  per¬ 
fect  recall  if,  for  peP*  and  a,b<?p  such  that  a<b,  the  following 
condition  is  satisfied:  For  a*£Aa,  let  Ra  =  {d|  for  some  cea/l, 
and  c’e  Ac^a’/RfC’<d}  .  Then  for  some  a’eAa,  b/l  Raj. 

Theorem  30:  Let  G  =  <  G,<  ,  P,  R,  I  >  be  a  game  structure 
such  that  Irt(ExE)  is  the  identity  relation  on  E.  Then  there  are 
functions  0p,  for  pe P* ,  which  map  MSp  into  BSp  in  such  a  way  that 
whenever  <  G,  h  >  is  a  game  and  oteMS,  MHp(cl)  =  BHp(y3)  for  p£ P* , 
where  0p(c£p)  <=  /2  p  for  all  peP* ,  if  and  only  if  G  has  perfect  re¬ 
call. 

Proof:  The  sufficiency  has  been  proved  by  Kuhn.  We  establish 

the  necessity. 

Suppose  there  are  functions  ©p  as  described  and  that  does 
not  have  perfect  recall.  Thus  for  some  p,eP*,  a,b,  ,b2<=p,  a<b, ,b7Ib2 
and  if  c^Aa,  c^bj,  c2£Ad,  b2<b2  and  CjRcg,  then  not  aid.  Let  Ct, 
c3  €  Abj  ,  c2eAb2  be  such  that  cyfrc 3  and  c3Rc2.  Let  cL^^S  be  such 

=  1  or  2 
hypoth- 

esis  we  may  also  choise  so  that  o(.Pi  (a)^-b1.  For  J  =  1,2,3, 

let  Jy  be  such  that  <  G,  h^  >  is  a  game  and  hj  (e,p)  is  1  if 
ci<e  and  o  otherwise. 


(i) 


that  cXe,(cA 
and  all  d’ld,  d'i  e 


)  and.  if  d  is  such  that  not  dla  and,  for  J 

>(1)  0 


i -*(1)  v  (2) 

(oC  {<t  ’ ),  then  O-  d/p (d)  =c(  d/p(d).  By  our 
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Let  n€MS  be  such  that  for  peP*,  i  ■  1  or  2,  npfcTp^)  =  1/2 


if  ®tp^ 1  ,  and  np(c£p^)  «=  1  otherwise. 

MHp,  (n)  -  YZ.  TT  ^P(<Tp)  (e(<^),p,) 

ok£  S  p€  P* 


i  -> 

MHp, (n) 


oi£S 


np$p)  . 


^^S,  c^<  e(oC)  p^P* 


.*.  MHp,  (n)> 


||  np(ctp^)  >  0.  Similarly  MHp,  (tx)>  0. 

p€P* 


Suppose  c3<e(oL)  for  some  des.  Now  otpifb,)  =  c,*  c,.  thus  c^Pi 

^(D-,12)  ->  -»(2) 

■^Pi  5  <^Pi  (a)^  b,<c3  and  therefore  dp^o^Pi  .  Consequently 


rip,  (o(.p, )  *=  0 ,  and 

HHi?,(n)<  ; 


— > 

cL€  S ,  c<e  (c^) 


^Pi(^Pi)  =  0 


Let /?£BS  be  such  that  @p(itp)  = /Sp  for  peP*. 


BHp,  (/J) 


TT  TT  /?P,c(d)  hi(e*(Q)  ,p, ) 

peP*  cepnQ 


deAcOQ 


QfeQ,c.eQ  p€P*  c€pnQ 


/5  Pi  c  (d) 


l 


deAcnQ 


TT  /?p,c(d)  (by  lemma  27) 


pcP*  cep,d<c. 

deAc  —  1 

1  -> 

MHp, (n) 


TT  TT 

p£P*  cep,  d<c. 

deAc  x 


/^p1c(d)  >  0  for  i  =  1,2, 


0  for  i  =  3 
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Thus  for  some  p€P*,  cep  and  deAc  such  that  d<c3 ,  /?ptc (d)  =  0. 

If  cfby  ,  then  d<c1  as  well  and  BHp,  (/f)  =  0  which  is  a  contradiction, 

Thus  c  *=  b!  ,d  ■  c3.  But  ^p.cld)  ~/3p,by  (c3)  =  ftp,b2(c2)  since 

2 

bjlb2  and  c2Rc3.  This  implies  BHpj  (ft)  =  0  which  is  again  a  contra¬ 
diction. 


Definition  31:  Let  C  be  a  game  structure,  p^P*.  Then,  for 


such 


(5i  >  <5z6  |bSp]J  »  01  is  equivalent  to  6Z  if,  for  such 

that  ©Tp]  =  Gy  ,  fipy  =  G g  and  ip  ■=  ftp  for  p£P*  -  ^PiJ  >  then  for  all 

h  for  which  <  G,  h  >  is  a  game,  =  MHp(^)")  for  pep*. 

fMS*7  "  |BHp(oL)  =  Btip(/3)j  rmixed 

Let  <  be  the  family  of  all  equivalence  classes  of  jjt>ehqvior/ 

(JBSpJ  (MS*)  (MSbTs~) 

strategies;  let  be  the  Cartesian  product  of  the  )  Z  v  » 

;  (JBSp'sJ 

Theorem  32:  Let  G  be  a  game  structure  such  that  Id(EXE)  is 

the  identity  relation  on  E.  Let  Gy  ,  BSp]  with  Gy  equivalent 

to  Gz*  Suppose  a£G  is  such  that  Gy  tafGZta.  Then,  for  i  =  1,  2, 

there  are  cd<a,  c^eAb^  such  that  C5^,b^(c^)  =0, 

Proof:  Let  Gy  ,  G2 ,  a  be  such  that  the  hypothesis  is  true, 

but  the  conclusion  false.  Without  loss  of  generality  we  can  assume 

that  for  all  b€p,  b<a,  Gy  ,b  =  G2fb,  Let  deAa  be  such  that 


&y  ,a(d)f  dT2,a(d)  ;  let  h  be  such  that  <  G,  h  >  is  a  game  and 
h(e,pi)=  1  if  d<e,  h(e,p)  *=■  0  otherwise.  Let  €  BS  be  such 
that  =  G^foip  =  5.p  for  peP*  -  £pyj  ,  and,  if  c<a,  ceAb  and 

b£p£P*  -  ^p,j  ,  then  ij,a(b)  =1.  Thus 

BHpi  (5^ )  =  >  TT  TT  5.J,b(c)*  h(e*(Q)  ,p|) 

Q6Q  pep*  bfepPQ 

cfiAahQ 


Gi  ,a(d) 


(by  lemma  27  and  above  assumption) 
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/.  BHp,  U1 )+  BHpjU2)  which  is  a  contradiction. 

Theorem  33;  Let  G  be  a  game  structure  such  that  In(E*E)  is 
the  identity  relation  on  E,  Then  there  are  one-one  correspondences 

Xc  ajc 

between  BSp  and  MSp  such  that  if  pp  and  ocp  correspond  for  all  p  , 

BHp^)  *=  MHpU)  for  all  p  and  all  payoffs  if  and  only  if  G  has 

perfect  recall. 

Proof:  Follows  from  theorems  28,  30  and  definition  31. 
Definition  34:  Let  G, ,  G2  be  two  game  structures.  G,  is 
strongly  equivalent  to  G2  for  ^havio^  strategies  if  there  are 
biunique  functions  r,  s  and  t  such  that: 

i)  r  is  on  JP,*  onto  _P2*; 

ii)  s  is  on  P,*  such  that  for  p  P,*,  s(p)  =  s  is  a  biunique 

function  on  Sp*  onto  5r(p)«; 

iii)  t  is  on  E1/l1  onto  E2/l2; 


iv)  if  h  is  a  function  such  that  <  G, ,  h  >  is  a  game,  and  h’ 
is  defined  on  E2  so  that  h*(e2)  =  h(e,)  whenever  e  and  e2et(e/l1), 
then  fmV&)  =  MH'a(p)  (/?)!  for  S2*  and  s  Up* )  = 

tBHpU)  =  BH'r(p)(/3)J  P 

/S  £(p). 

Definition  35’  Let  <  G,  h  >  be  a  game.  Um  is  the  characteristic 
function  of  <  G,  h  >  for  mixed  strategies  if  Um  is  such  a  function  on 


the  family  of  all  subsets  of  P*  that  for  p,cP*  and  MSp,  =  {n|  n  is 

a  function  on  TT  Sp;  for  cLe|  |  Sp,  o<n(oL)<l;  and 

peP,  pep, 


2Z  »W  -  i}  ,  um(p,)  - 

oteTf  Sp 
peP, 


Max  Min 
neMSp,  CfeMSp^-p, 
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T~  n(io(p1KV))-cr(^((P*-P))x  V))  *XI'  h(e(i),p) 
oLe  S  pe.P1 

g 

Definition  36:  Let  <  G,  h  >  be  a  game.  U  is  the  character^- 

g 

istic  function  of  <  G,  h>  for  behavior  strategies  if  U  is  such  a 

function  on  the  family  of  all  subsets  of  that  for 

UB(P,)  -  Max  ^  Min  BHp(^)  • 

P^jj  ,/3P£BSp  P^-P,  ,^peBSp  piT, 

Definition  37:  Let  G j  ,  G2  be  two  game  structures.  Gj  is 
weakly  equivalent  to  G2  for  j behavior)  strategies  if  there  are 
biunique  functions  r,  t  such  that: 

i)  r  is  on  P,*  onto  P2*; 

ii)  t  is  on  Ej/lj  onto  E2/l2; 

iii)  if  h  is  a  function  such  that  <  G7  ,  h  >  is  a  game  and  h* 
is  defined  on  E2  so  that  h'(e2)  ■  hie!)  whenever  e^Ej  and  e2et(e1/l1), 
then  Uj^P  «  U^r^l^P)  for  P^Pj*,  where  r*(P)  =  ^r(p)  |  p 

Theorem  $8:  If  Gj ,  G2  are  strongly  equivalent,  then  they  are 
weakly  equivalent. 

Proof:  Immediate. 

Theorem  39:  If  G, ,  G2  are  such  that  is  the  identity 

relation  on  E^,  and  Gj  ,  G2  are  weakly  equivalent,  then  they  have 
isomorphic  reduced  normal  forms. 

Proof:  Although  not  strictly  true,  we  shall  write  as  if 

(i>  (i)  r  , 

E,  *  E2  «  E,_P,*  =  P2*  =  P*.  For  oCeSp  ,  let  E  ^  =  ^e|  for  some 

->  ->  "7  ” 

c>Les^,c^p  =c*.  and  =  ej, 

U)  Foro^  ,  o^eSp,  ,  if  then  EoCi  = 
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Suppose  not.  Let  Ep^CE^,  e2  Ecite  “  • 

Let y?i  ,  y^2£S  811011  that  /^i»Pl  *°S.  311(1  ,p  c/^2»p  for  peZ',c“ /Pij  » 
and  e(/2)  -  e2.  Let  e^,)  -  Let  a  be  the  largest  move  such 

that  a<ella<e2t  Since  both  e^e^Eo^,  we  see  that  a^-p,.  But  by 

the  definition  of  /J,  and  /22,  a^p  for  P^-fPi}- 

( 1 )  V2 / 

(2)  Let  p  j€P^ ,  ©i^Spj  .  Then  there  is  a  o(.2^Sp1  such  that 

l’>  „>r 

E  d(.  j  •*  E  d  2  o 


Suppose  not.  We  consider  two  cases. 

(2)  (2)  (7)  u  . 

(i)  For  every  oL€Sp7  ,  there  is  an  e£Ec?L-  EoCt  .  Let  h  be 

such  a  function  on  E*P*  that  <  G,  ,  h  >  are  games  and  h(e,p,)  =  1 
(  )  ± 

if  eeEd.i  ,  hie,?])  ■=  0  otherwise.  Let  each  paP*  “(Pij  Play  a  mixed 

strategy  which  assigns  the  same  frequency  to  each  of  his  pure  strat- 

( 2 )  ( 2 )  . 

egies.  Since  for  every  oteSpj ,  there  is  an  c-l.es  such  that  oLpj  = 

1 2  > 

and  MetolOjP!)  »=  0,  we  see  that  no  matter  what  mixed  strategy  cteSp,  p, 
might  play  his  expectancy  would  be  less  than  1.  However,  if  he  plays 
c^i  then  his  expectancy  would  be  1.  However,  in  Gj ,  if  he  plays  , 
then  he  would  receive  1  against  any  strategies  of  his  opponents. 

Thus  we  have  a  contradiction  of  weak  equivalence  for  mixed  strategies. 


Clearly,  using  theorem  2$,  and  the  fact  that  is  a  pure  strategy 

the  same  result  holds  for  behavior  strategies. 

(2)  (2)  ( 1 ) 

(ii)  There  is  an  ot^eSp,  such  that  EcJ^CEcl,  .  Now  for  every 
dLeSp]*,  there  is  an  eeEo^1  -  Ecfe  ,  for  if  not  there  would  be  an 
ci-e-Sp1^  Rich  that  EjJs  E^J  C  E^  ,  contradicting  (1).  Now  we  simply 
interchange  the  roles  of  ^1  and  G2  in  (i). 

(3)  For  oLt  ,  dt2^  Spt  ,  is  equivalent  to  d2  if  and  only  if  - 

Ec3L|  =  Ed^.  Clearly  if  and  d2  are  equivalent,  then  E  cL1  =  Ed2. 

If  e  cLi  *  EoL 2 ,  we  prove  ot.,  and  dz  to  be  equivalent  by  proceeding  in 


a  manner  similar  to  the  proof  of  (1) 
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(4) 


If  oL£S,  then 


f 1  e3? 

p«P* 


contains  exactly  one  element. 


In 


fact  e(»£)  o 

Putting  (2),  (3)  and  (4)  together,  the  theorem  is  now  immediate. 

Theorem  40:  Let  ,  G2  be  such  that  I^/}(E^E^)  is  the  identity 
relation  on  E^.  Then  the  following  statements  are  equivalent: 

i)  Gj  and  G2  are  strongly  equivalent  for  mixed  strategies; 

ii)  Gj  and  G2  are  weakly  equivalent  for  behavior  strategies; 

iii)  G!  and  G2  have  isomorphic  reduced  normal  forms. 

Proof:  After  theorems  38  and  39,  it  is  sufficient  to  prove 
that  iii)  implies  i).  This  is  perfectly  straight  forward. 

Theorem  41:  Of  the  three  statements  for  behavior  strategies 
analogous  to  those  of  theorem  40,  no  two  are  equivalent. 

Proof:  It  is  sufficient  to  exhibit  counter-examples. 


c 


A  and  B  are  weakly  but  not  strongly  equivalent ;  B  and  C 
are  not  weakly  equivalent  but  have  isomorphic  reduced  normal  forms. 
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Definitlon  42:  A  game  structure  G  is  solvable  by  behavior 
strategies  if,  for  every  game  <  G,  h  >,  U®  -  for  all  P#. 

Theorem  43:  Let  G  be  a  game  structure  such  that  in  (E*E)  is  the 
identity  relation  on  E.  Then  G  is  solvable  by  bdiavior  strategies 
if  and  only  if  it  is  weakly  equivalent  to  a  structure  with  perfect 
recall. 

Proof:  Suppose  G  is  weakly  equivalent  for  behavior  strategies 
to  a  structure  G’  with  perfect  recall.  Then  G,  G’  have  isomorphic 
reduced  normal  forms,  and  thus  are  weakly  equivalent  in  mixed  strat¬ 
egies.  The  mappings  involved  can  easily  be  seen  to  correspond.  The 
solvability  of  G  now  follows  from  Kuhn’s  result  and  the  definitions 
of  weak  equivalence. 

Suppose  G  is  solvable  by  behavior  strategies.  We  first  check 
that  if  G'i  G  ’’  for  i  *  2,  3»  4  (where  ^  is  defined  in  definition 
16  of  RM-759)  then  G’  and  G’ ’  are  weakly  equivalent.  Therefore, by 
lemma  IS,  there  are  game  structures  G1 ,  . . . ,  Gfc  such  that  G^Gi  , 
Gi^Gi+l  for  1<  i<  t  and  £  *  2,  3»  4,  such  that: 

i)  if  a  is  a  move  of  G^,  then  Aa  has  exactly  two  elements; 

ii)  if  a^<b^  for  i  *  1,  2,  then  not  aflbz] 

iii)  for  some  ordering  of  P*,  say  P*  =  £p,  ,  ...,  pnJ ,  if  aepif 

bep^"  and  i <J  ,  then  a<b. 

We  have  assumed  that  in  the  structure  G,  I  was  the  identity 
relation  on  E.  Now  this  property  is  not  preserved  by •  However, 
we  consider  the  following  condition: 

iv)  if  for  d  i  ,  S ,  e  (oC  j  )  Ie  (o(.  2 )  ,  then  for  any  /3  c  S  such 
that  p  =0ifp,  i  *=  1  or  2,  for  each  peP*,  then  e(/3  )  IeJoC,)* 
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It  is  straight  forward  to  check  that  the  fact  that  I  is  the 
identity  relation  on  E  implies  iv)  and  that  iv)  is  preserved 
under  X  ,  X  and  X  .  Thus  without  loss  of  generality  we  may 
assume  that  G  has  properties  i)  through  iv). 

Now  the  question  is;  how  far  can  we  inflate?  We  wish  to  show 
that  if  there  is  an  information  set  which  can  be  inflated  under  the 
relation  X  »  but  where  this  inflation  would  not  preserve  weak  equiv¬ 
alence,  then  G  is  not  solvable  by  behavior  strategies.  If  we 
establish  this,  then  our  proof  is  complete,  for  then  the  solvability 
of  G  would  imply  that  G  was  in  fact  weakly  equivalent  for  be¬ 
havior  strategies  to  its  normal  form. 

Although  the  argument  would  not  be  brief,  it  can  be  ascertained 


that  we  may  limit  our  attention  to  that  p  €P*  for  which  atpeP*- 
£”pnJ  implies  a<b  for  some  b€pn.  This  is  based  on  the  possibility 
of  reordering  the  players  by  a  modification  of  definition  16  iv. 

Suppose  there  is  an  information  set  ^a1  ,  a^b,,  b^j-, 

for  pn  such  that  a^Ra f t  b^Rb^’  and,  for  some  c^,  Ac^  =  {^i>bi^a 
Suppose  that  if  we  break  this  information  set  into  two:  <T&i  ,  ...,  a^., 
^ bT  ,  b^j. ,  then  the  resulting  structure  G’  X  G  is  n0^  weakly 

equivalent  for  behavior  strategies  to  the  original  G.  Thus,  for 
some  h,  <  G,  h  >  and  <G’,  h>  are  games  and  U®(_P)"^r  Ut®(_P) 
for  some  Pci  P* , 

Now  fUB(P)  <  UB  (P)  for  all  _PC.P*.  To  show  this  it  is  suf¬ 
ficient  to  show  that  UB(^pJ)<UB’ ( ^pj )  for  p<£P*,  by  the  nature 

B  B 

of  U  ,  A  straight  forward  calculation  using  the  definition  of  U 

gives  the  desired  result.  It  is  immediate  that  UB* (P)<UM* (P)  * 

U^(_P)  for  all  PCP* .  Thus  for  some  PcP*UB(P)  <  U^(P)  and  there¬ 
fore  G  is  not  solvable  by  behavior  strategies. 
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A  careful  examination  of  the  fiill  proof  of  the  last  few 
steps  yeilds  enough  information  to  characterize  in  terms  of  the 
game  tree  those  situations  of  the  above  kinds  where  inflation 
preserves  weak  equivalence  for  behavior  strategies. 
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